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Abstract. The interest in sea mining has resulted in the recent years in the creation of many new 
methods for the exploitation of marine deposits as well as the transport from the seabed to the. For 
several years, the authors have been trying to develop new concepts of transport from the seabed. In 
previous publications, the authors presented the concept of an autonomous transport module for 
transport from the seabed. The research so far has focused on the development of the module's 
operation principles, determination of the energy source in the transport process and changes in the 
average density of the transport module. In this publication, the authors focused on the stability problem 
of the transport module during deployment and ascent. This is a very important issue, because the 
stability of the module will determine its practical suitability for transport from the seabed. 
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INTRODUCTION 
The growing interest in deep-sea mining has led in recent years to the emergence of many 
new methods for the exploitation of deep-sea deposits and the transport of output from the sea 
bottom to the surface (Karlic, 1984; Depowski et al., 1998, Sobota, 2005, Abramowski and 
Kotliński, 2011, SPC, 2013, Sharma, 2017). For several years, studies have been underway to 
develop a new concept of sea-bottom transport. 
In our previous publications, we presented the results of previous studies of the concept of an 
autonomous transport module for sea-bottom transport (Filipek and Broda, 2016, 2017). These 
studies focused on developing the module's principle of operation and identifying the source of 
energy in the transport process, and changes to the average density of the transport module. 
In this publication, we addressed the problem of the transport module's stability during 
immersion and surfacing. This is a very important subject, since the module's stability will 
determine whether it is viable as a means of sea-bottom transport. 
The equilibrium of floating bodies is very important from the practical point of view (e.g. with 
regard to structures of vessels). It has been the subject of numerous studies (Walden and 
Stasiak, 1971; Roberson and Crowe, 1995; Kobyliński and Kastner 2003; Pawłowski, 2016; 
Kobyliński, 2018) and technical solutions, which describe these problems comprehensively. In 
our case, due to the way in which the transport module works, we must consider two cases of 
stability: a floating body and an immersed body. 
As a rule, a floating body will remain in a state of balance when the body weight G is equal to 
the buoyancy force W and the centre of gravity Sc and the centre of buoyancy Sw lie on the 
same vertical axis called the float axis (Walden and Stasiak, 1971). When the centre of gravity 
Sc lies below the centre of buoyancy Sw, the body remains in stable equilibrium. An interesting 
situation takes place when the centre of gravity Sc lies above the centre of buoyancy Sw. The 
equilibrium will be stable when the body, displaced by a momentary external force, returns to 
equilibrium. Vertical axis rotation and horizontal displacement have no effect on equilibrium. 
Vertical displacement, in turn, changes only the buoyancy force, without changing its vector. 
When moved around its horizontal axis, the body can be permanently displaced from 
equilibrium. 
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To define the stability criterion, we introduced the following notions: the metacentre M, which is 
the point at the intersection of the float axis and the line which is aligned with the buoyant-force 
vector and perpendicular to the floating plane and the metacentric height m being the distance 
between the metacentre M and the centre of gravity Sc. When the metacentre and centre of 
gravity lie in the same point (m = 0), the body is in neutral equilibrium; when the metacentre M 
is above the centre of gravity Sc, i.e. when m > 0, the floating body is in static equilibrium – it is 
stable; when the metacentric height m < 0, i.e. M lies below the centre of gravity Sc, the body 
is in unstable equilibrium, i.e. it is not static. 
In the case of fully immersed bodies, the situation depends on how the centre of gravity Sc and 
centre of buoyancy Sw are located in relation to each other. If the centre of gravity Sc lies 
below the centre of buoyancy Sw, the immersed body is static – it is in stable equilibrium. 
When the centre of gravity lies above the centre of buoyancy, the immersed body is unstable – 
it is in unstable equilibrium. When the locations of the centre of gravity and centre of buoyancy 
overlap, we have neutral equilibrium. 
Our task is to determine the (location) coordinates of the centre of gravity and metacentre of 

the transport module with a pre-defined geometry (of a cylinder sized L and ) as a function of 
the location of the centre of buoyancy, in order for the vessel to remain stable. 
 
DETERMINING THE LOCATION OF THE CENTRE OF BUOYANCY OF A CYLINDER-
SHAPED TRANSPORT MODULE 
The key parameter determining the stability of an object is the location of the centre of 
buoyancy. Its coordinates depend on the environment surrounding the object. By determining 
these coordinates, we can identify the location of the metacentre, thus allowing us to design 
the transport module correctly, so that the location of the centre of gravity allows the module to 
remain stable throughout the transport process. 
From all the shapes of transport containers considered by many researchers (Karlic, 1984; 
Depowski et al., 1998, Sobota, 2005, SPC, 2013, Sharma, 2017), a cylinder is the simplest. 
Therefore, we will rely on its geometry in our study. In order to determine the spatial 
coordinates Sw, Sc i M for a cylinder, we only need to identify two parameters y and z, as 
defined in Fig. 1 and 2. 
 

 
Fig. 1. Graphical interpretation of the method to determine the coordinate Sy  

of the centre of buoyancy. 
 
The parameter z (coordinate) is related to the cylinder height. In our study, its length 
corresponds to the distance from the base of the cylinder along the axis z (Fig. 1 and 2). The 
coordinate y is a parameter that defines the distance measured along the cylinder's diameter 
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from the axis z crossing the cylinder's side-wall (Fig. 1 and 2). In our study, the parameter H 
denotes the body’s immersion in relation to the water surface, measured in relation to the 
cylinder’s axis of symmetry perpendicular to the base and water surface. For the floating body 

0  H  L, while for the immersed body H = L. The angle  is the angle between the original 
and momentary floating surface. 
Let us start by determining the coordinate y of the centre of buoyancy Sy using the method 
illustrated in Fig. 1 below. 
To determine the relationship which identifies the coordinate Swy, we will use the known 
relationship (1) 

S୵୷ =
∫ ௬ௗ௏

∫ ௗ௏
         (1) 

By expanding the denominator of expression (1), we obtain the following relationship (2). 

∫ 𝑑𝑉 = 2 ∫ [𝐻 + 𝑡𝑔𝛼(𝑦 − 0.5Φ)]ඥ𝑦(Φ − 𝑦)𝑑𝑦
∅

଴
=

஠

ସ
ΦଶH = V   (2) 

The numerator of the equation (1) is presented as relationship (3) 

∫ 𝑦𝑑𝑉 = 2 ∫ 𝑦[𝐻 + 𝑡𝑔𝛼(𝑦 − 0.5Φ)]ඥ𝑦(Φ − 𝑦)𝑑𝑦
∅

଴
=

஠

଺ସ
Φଷ[8H + Φtgα]  (3) 

By using relationships (2) and (3) in (1), we obtain the target coordinate Swy in the form of (4) 

𝑆௪௬ =
஍[଼ୌା஍୲୥஑]

ଵ଺ୌ
        (4) 

If the cylinder-shaped transport module is not tilted, i.e.  = 0, then the coordinate  

Swy = 0.5, , which is intuitively predictable and confirms that the employed calculation method 
is correct. 
Another parameter to be determined is the coordinate of the centre of buoyancy Swz. We will 
determine it on the basis of the known relationship (5) 

𝑆௪௭ =
∫ ௭ௗ௏భା∫ ௭ௗ௏మା∫ ௭ௗ௏య

∫ ௗ௏భା∫ ௗ௏మା∫ ௗ௏య
        (5) 

The calculation method employed is illustrated in the figure below (Fig. 2). 
 

 
Fig. 2. Graphical interpretation of the method to determine the coordinate Sz  

of the centre of buoyancy. 
 
Based on the above Fig. 2, the individual components of the above equation (5) will have the 
following form after expansion (6): 

∫ 𝑑𝑉ଵ = ∫ 𝜋
஍మ

ସ
𝑑𝑧

ுି଴.ହ஍௧௚ఈ

଴
=

గ஍మ

ସ
ቀ𝐻 −

஍

ଶ
𝑡𝑔𝛼ቁ       (6a) 
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∫ 𝑑𝑉ଶ = ∫ ቄ𝜋 −
గ

ଷ଺଴
2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ1 −

ଶ௭

஍௧௚ఈ
ቁ +

ଵ

ଶ
𝑠𝑖𝑛 ቂ2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ1 −

ଶ௭

஍௧௚ఈ
ቁቃቅ 𝑑𝑧

଴.ହ஍௧௚ఈ

଴
  (6b) 

∫ 𝑑𝑉ଷ = ∫ ቄ
గ

ଷ଺଴
2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ

ଶ௭

஍௧௚ఈ
ቁ −

ଵ

ଶ
𝑠𝑖𝑛 ቂ2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ

ଶ௭

஍௧௚ఈ
ቁቃቅ 𝑑𝑧

଴.ହ஍௧௚ఈ

଴
    (6c) 

∫ 𝑧𝑑𝑉ଵ = ∫ 𝜋
஍మ

ସ
𝑧𝑑𝑧

ுି଴.ହ஍௧௚ఈ

଴
= 𝜋

஍మ

଼
ቀ𝐻 −

஍

ଶ
𝑡𝑔𝛼ቁ

ଶ

     (6d) 

∫ 𝑧𝑑𝑉ଶ = ∫ 𝑧
஍మ

ସ
ቄ𝜋 −

గ

ଷ଺଴
2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ1 −

ଶ௭

஍௧௚ఈ
ቁ +

ଵ

ଶ
𝑠𝑖𝑛 ቂ2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ1 −

ଶ௭

஍௧௚ఈ
ቁቃቅ 𝑑𝑧

଴.ହ஍௧௚ఈ

଴
  (6e) 

∫ 𝑧𝑑𝑉ଷ = ∫ 𝑧
஍మ

ସ
ቄ

గ

ଷ଺଴
2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ

ଶ௭

஍௧௚ఈ
ቁ −

ଵ

ଶ
𝑠𝑖𝑛 ቂ2𝑎𝑟𝑐𝑐𝑜𝑠 ቀ

ଶ௭

஍௧௚ఈ
ቁቃቅ 𝑑𝑧

଴.ହ஍௧௚ఈ

଴
   (6f) 

Hence, after conversion, the result is 

∫ 𝑑𝑉ଵ + ∫ 𝑑𝑉ଶ + ∫ 𝑑𝑉ଷ =
ଵ

ସ
𝜋Φଶ𝐻        (7) 

While 

∫ 𝑧𝑑𝑉ଵ + ∫ 𝑧𝑑𝑉ଶ + ∫ 𝑧𝑑𝑉ଷ =
ଵ

ସ
Φଶ ቄ

ଵ

ଶ
𝜋𝐻ଶ + Φ𝑡𝑔𝛼 ቂΦ𝑡𝑔𝛼 ቀ

ଽ

ଷଶ
𝜋 −

ଵ

଺
ቁ −

ଵ

ଶ
𝜋𝐻ቃቅ   (8) 

By substituting (5) with the expressions (7) and (8), we obtain the target relationship identifying 
the coordinate Swy of the centre of buoyancy: 

𝑆௪௭ =
భ

మ
గுమା஍௧௚ఈቂ஍௧௚ఈቀ

వ

యమ
గି

భ

ల
ቁି

భ

మ
గுቃ

గு
         (9) 

Assuming that the original and momentary floating surface overlap, i.e.  = 0, then the centre 
of buoyancy coefficient Sz = 1/2 H, meaning that our reasoning is correct. 
 
THE LOCATION OF THE TRANSPORT MODULE’S METACENTRE 
When considering vessels floating on the surface, the key parameter defining the stability of 
such vessels is the location of the metacentre M, determined using the method provided in 
(Walden and Stasiak, 1971), and converting the resulting stability for our purposes, as 

illustrated in Figure 3, where: W(y,z) is the location of the centre of buoyancy for  = 0, and 
W’(y,z) is the new location of the centre of buoyancy after being displaced from equilibrium by 

an angle of . The Z quantity is the location of the metacentre M in relation to the centre of 
buoyancy W, measured along the float axis z. 
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Fig. 3. Graphical interpretation of the method to locate the metacenter. 

 
The Z quantity is determined using the geometric relationships shown in Figure 3: 

𝑍 = 𝑆௪௭(𝛼) − 𝑆௪௭(0) +
ௌೢ೤(ఈ)ିௌೢ೤(଴)

௧௚ఈ
       (10) 

By adding the relationships (4) and (9) to the above formula, we obtain: 

𝑍 =
ଽ

ଷଶ

஍మ

ୌ
tgଶ(α) −

ଵ

଺

஍మ

గୌ
tgଶ(α) −

ଵ

ଶ
Φtg(α) +

ଵ

ଵ଺

஍మ

ୌ
     (11) 

When analysing the equation (11), it is easily noticeable that Z is a function of all three 

parameters H  and . To arrive at the universal form of the equation (11), allowing us to 

analyse it without constraints as to parameters, let us define the coefficient (n,) fulfilling the 

condition Z(H,,) = (n,)H. 
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Accordingly, let us now adopt a simple relationship in which the cylinder's diameter depends 

on the cylinder's height in the form of =nH, where n is the dimensionless proportionality 
coefficient. After including this in the above relationship (1), we obtain: 

𝑍 =
ଽ

ଷଶ
nଶHtgଶ(α) −

ଵ

଺
nଶ ୌ

గ
tgଶ(α) −

ଵ

ଶ
nHtg(α) +

ଵ

ଵ଺
nଶH     (12) 

Next, by dividing the equation (12) by H, we obtain the following relationship (13): 
௓

ு
= 𝛽(𝑛, 𝛼) =

୬

ଽ଺
ቀ27ntgଶ(α) − 16

୬

గ
tgଶ(α) − 48tg(α) + 6nቁ   (13) 

The above dimensionless expression allows us to determine the transport module’s 
metacentre (in the form of a cylinder) for any H. 
 
THE LOCATION OF THE TRANSPORT MODULE’S CENTRE OF GRAVITY 
Knowing the location of the metacentre M, we can identify the location of the centre of gravity 
Sc ensuring that the hypothetical transport module is stable. To this end, we only need to 

analyse the sequence of the equation  (13). 
The location of the centre of gravity Sc is characterised by two coordinates Scz and Scy, 
described as in the following relationships: 

𝑆௖௭ = 𝐻 − min(𝛽) 𝐻        (14) 
𝑆௖௬ = 𝑆௪௬         (15) 

where: 

min() is the lowest value of the function (n,). 

Now, let us convert the function  (13) into a simpler form (16), and determine the zeroes. 
 

𝛽(𝑛, 𝛼) = n ቂn ቀ27 −
ଵ଺

గ
ቁ tgଶ(α) − 48tg(α) + 6nቃ = 0     (16) 

If we consider the relationship (16) as a square function of the variable  with the parameter n, 
then from a mathematical point of view, there are always two zeroes. A simpler method to 

solve the equation (16) involves the assumption that n is the variable and the parameter is . 

Accordingly, this involves e a product of two linear functions, giving us only one solution n() in 
the form of (17), as presented graphically in Fig. 4. 

𝛽(𝑛, 𝛼) = 0 <=> 𝑛(α)  =
ସ଼୲୥(஑)గ

୲୥మ(஑)(ଶ଻గିଵ଺)ା଺గ
 𝑑𝑙𝑎 𝛼 ∈ [0,

గ

ଶ
)     (17) 

 

 
Fig. 4 Graphical interpretation of the solution to the equation (16). 
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Fig. 5 illustrates the relationship between the coefficient  and the angle  for selected values 

of the coefficient. Depending on the parameter n, the function (n,) has one zero, which is 

the extreme of the function n() (17). 

ௗ௡(ఈ)

ௗఈ
= 0 <=> α =

⎩
⎨

⎧𝑎𝑟𝑐𝑡𝑔ට
଺గ

(ଶ଻గିଵ )
=> ൜

α = 27.625
𝑛 = 2,093

−𝑎𝑟𝑐𝑡𝑔ට
଺గ

(ଶ଻గିଵ଺)
< 0

     (18) 

Above the extreme dn()/d = 0, the function (n,) does not have any zeroes in the set of R 
numbers. Below the extreme, it has two zeroes. 
 

 
Fig. 5. Graphical interpretation of the dimensionless coefficient  for selected n. 

 

When analysing the curves in the figure above, we can notice that the function (n,) must 

have an extreme. This extreme is, in actuality, the sought value min(). To find its value, we 

calculate the first derivative of the function (13) due to the variable , equating it to zero: 

min(𝛽) =
డఉ(௡,ఈ)

డఈ
=

௡

ସ଼
൫1 + tgଶ(α)൯ ቂn ቀ27 −

ଵ଺

గ
ቁ tg(α) − 24ቃ = 0   (19) 

By solving the above equation (19), we obtain: 

min(𝛽) =
డఉ(௡,ఈ)

డఈ
= 0 <=> ቊ

𝑛 = 0

𝑛(α)  =
ଶସ

ଶ଻గିଵ
tgିଵ(α) 𝑑𝑙𝑎 𝛼 ∈ ቀ0,

గ

ଶ
ቁ
   (20) 

The graphical illustration of the solution to the equation (19) is provided in Fig. 6. 
 

 
Fig. 6. Graphical interpretation of the solution to the equation (18). 
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CONCLUSIONS 
In our experimental study related to a concept of designing an autonomous transport module, 
we have encountered a problem involving the stability of a model transport module. This 
inspired us to address the problem, resulting in the present publication. The behaviour of the 
model transport module we observed during our experiments is reflected in our theoretical 
study. 

By defining the dimensionless function  (13), we can comprehensively and clearly analyse the 

stability of the hypothetical model transport module for any cylinder dimensions (L,). By 

knowing , we can identify the range of location of the transport module’s centre of gravity for 
which the module remains stable. This knowledge is very important for designing and building 
the transport module. 
Following an analysis of the curves in Fig. 5, we concluded that it is of key importance to know 

min () (19) as the function n. In actuality, n must be lower than 1 in the design of the transport 
module n. The analysis of the curve in Fig. 6 leads us to the observation that for each value  

n  1 min() is lower than zero. This means that the centre of gravity must be below the centre 
of buoyancy. 

If the stability conditions (14) and (15) are satisfied for a floating, immersing object (0 < H  L), 
then they are also satisfied after full immersion. 
The presented method to determine the stability of a cylinder-shaped autonomous transport 
module for sea-bottom transport can be applied for shapes with lower hydrodynamic 
resistances. Based on these theoretical findings, we will design and build a prototype of an 
autonomous transport module. We believe that the module will be suitable for testing at sea. 
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